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JNTRODUCI’ION 
AMONG all the possible orbit types of a given action of a compact connected Lie group 
on a connected manifold, it is proved by D. Montgomery [7] that there always exists 
an absolute maximal orbit type called the principal orbit type. The fundamental impor- 
tance of the principal orbit type is the fact that the union of all principal orbits forms a 
connected everywhere dense open submanifold. Hence, almost everywhere is tilled with 
orbits of the principal type and they play a dominant role in the orbit structure of the 
given action. If we are going to study the action of a certain class of groups on a certain 
class of manifolds, then one of the basic problems would be the determination of the possi- 
bilities of the principal orbit type of such actions. For example, it seems to me quite natural 
to ask what are the possible principal orbit types of those differentiable actions of a classical 
group on euclidean spaces, or rather, spheres or discs for the sake of compactness. Due to 
the existence of a great many varieties of natural examples of linear actions on spheres and 
discs, the study of compact differentiable transformation groups on these simple manifolds, 
such as spheres and discs, fully presents both the complexities and the regularities. It is 
probably quite fair to say that those manifolds such as homotopy spheres, euclidean spaces, 
and discs are among the best and most important “testing” spaces for the study of trans- 
formation groups. It is a general feeling that general differentiable actions on euclidean 
spaces (or spheres and discs) should “resemble” linear actions in various aspects, and 
consequently, the “comparison” between general differentiable actions and linear actions is 
our main guiding principle for the study of transformation groups on euclidean spaces, 
spheres and discs. 
The main results of this paper are the following: 
(i) Determination of all the possible principal orbit types for those linear actions of 
classical groups. It turns out that the possibilities are rather few (see Theorems I, II). 
(ii) For the class of differentiable actions of SU(& (p odd prime) on discs (or even 
spheres) the possibilities of principal orbit types are almost the same as those provided by 
the subclass of linear actions of SU(p) (see Theorem IV). 
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(iii) For those differentiable actions of SC@) on discs and spheres uch that the identity 
component of their principal isotropy subgroups are non-commutative, we proved some 
fixed point theorem of P. A. Smith type and determined their orbit structure to a great 
extent (Theorems III, V). 
The selection of SU(p), p odd prime, is purely technical. The following fact about the 
Euler characteristic of the homogeneous paces of SU@): 
“x(SU(p)/H) z 0 (mod p) except H = SU(p) or the identity component of H, Ha, is a 
maximal torus of SU(p) and the number of components, i.e. ord (H/H,), of H is divisible 
byp.” (Proposition 5.) Similar results are also valid for the homogeneous paces of SO(2p) 
and Sp(p) and hence parallel results may be proved for SO(2p) and Sp(p) actions as for the 
SU(p) case. Actually, we believe that parallel results should be true at least for differentiable 
actions of classical groups on discs. 
As by-products, we also get some simple results about the subgroups of classical 
groups; they will be stated and proved in $2. We apply them in the proof of Theorem V. 
$1. THE PRINCIPAL ORBIT TYPE OF A LINElAR ACMON OF A CLASSICAL GROUP 
Let G be a compact connected Lie group and cp be an n-dimensional real representa- 
tion. By means of the given representation rp, G acts on R” linearly. We shall denote the 
conjugate class of the principal isotropy subgroups of such a linear action by (H,), where 
H, is a representative principal isotropy subgroup. The following equation gives a useful 
relationship between HgD and cp: 
the 
PROPOSITION 1. cp\H, + Adaq = Ado]H, + trivial copies. 
By cp]H, we mean the restriction of cp to a subgroup Hq and by AdH, and Ad, we mean 
adjoint representation of H,+, and G respectively. 
Proof. Let x be a point in R” with G, = Hp. If we restrict the action of G to the sub- 
group H,, then the whole direction z is fixed under the action Hpp. Hence, the translation 
.j G,=H, 
generated by G is equivariant with respect o the linear action given by q[H,. Hence, the 
local representation of HEp at o and x are equivalent. By definition, the local representation 
of H,, at o is just cplH,. On the other hand, by the differentiable slice structure [7], the local 
representation of HP = G, at x splits into the sum of tangent and normal directions of the 
orbit G(x). Since G, = H,, is a principal isotropy subgroup, it also follows from the slice 
structure that H,+, leaves every normal direction fixed. Hence, we have 
cp I H, = local representation of H, at o 
= local representation of H, at x 
= (AdG I HP - Ad,J + trivial copies, 
i.e. ‘plH,+, + Ad,, = Ad,]H,+, + trivial copies (1) 
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Equation (1) is a strong restriction on the possibility of HP, for example, we may easily 
deduce the following corollary from equation (1). 
COROLLARY 1. Let G be a compact Lie group and T be a maximal torus of G. Then 
(H,) = (T) if and only if cp = Ad, $ trivial copies. 
Proof. The if part is a well-known fact that is closely related to the so-called maximal 
tori theorem. The only if part is a direct consequence of equation (1). 
In case G is a classical group, a more detailed computation gives us the following 
surprisingly simple results :
THEOREM I. Let cp be a real representation of SU(n + l), n 2 6; and (H,) be the 
conjugate class of the principal isotropy subgroups of the linear action given by cp. Then dim 
HV # 0 only in the following cases: 
(i) cp = k(cp, @ cp:) + trivial copies k < n; Hq = SU(n - k + 1); 
(ii) cp = Ad 0 trivial copies, H,, = maximal torus; 
(iii) cp = (cpz 0 cpf) $ trivial copies, H+, = W(2) x ... x SU(2) with 
n+l 
[ 1 2 copies 
sits as diagonal blocks in SW + l), where (pl, cp2 are the first two basic representations of 
SU(n + 1). 
THEOREM II. Let cp be a representation of SO(n), n 2 8 and (H,) be the conjugate class 
of the principal isotropy subgroups of the linear action given by q. Then dim H, # 0 only 
in the following cases: 
(i) cp = k *pn @3 trivial copies, k < (n - 1) Hq = SO(n - k) ; 
(ii) cp = Ads,,,, 0 trivial copies, H+, = maximal torus where p,, is the standard n-dimen- 
sional representation of SO(n). 
Remark. As we shall see later, the proofs of the above theorems are also valid for the 
lower dimensional cases, i.e. those SU(n + l)(l I n 5 5) and SO(n), (3 I n I 7) that we 
excluded in the statement of Theorems I, II. But in those cases, we usually have a few more 
possibilities of cp and HEp. 
Similar strong results for efictive linear actions of any given compact connected Lie 
group G could be worked out by using equation (1) through more detailed analysis. The 
general picture would be that except a finite number of representations (modulo trivial- 
copies, of course) of comparatively low dimensions, the principal isotropy subgroups of any 
linear effective action of a given compact connected group G are always discrete! 
Proof of Theorem I. Let p be the standard complex representation of SU(n + I) on 
C *+I and cpl, cp~, . . . , cp. be the n-basic (complex) representation of SU(n + I). It is well- 
known that vi = A’P. We shall consider the real representation ring, RO(G), as a subring of 
the complex representation ring, RU(G), by identifying a real representation with its com- 
plexification. By choosing the usual maximal torus T” c SU(n + 1) and the usual coordinate 
in T”, the character of p may conveniently be written as ch p = x1 + x2 + . . . + xn+, ; 
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while the only relation among {xi} is x1 *x2 . . . x,,+~ = 1 and the Weyl group acts as permu- 
tations on xi. 
(A) Now, suppose $ is an irreducible real representation of SU(n + 1) with dim L-L* # 0. 
Let S E Hti be a circle subgroup of Hti such that S c T”, and we denote the imbedding by 
i : S + T”, and its induced map on characters by i * : RU(T”) -+ RU(S) NN Zb: y-l]. The 
behavior of i* is given by 
i*(Xj) = yk’(j = 1, 2, . . . , tl + 1) 
where kj are integers with a relation Zkj = 0. In view of the action of the Weyl group, we 
may assume kI 2 kz 2 .a. 2 k,,,; i.e. S sits in the Weyl chamber. If we apply i* to equation 
(I), we have 
i*(ch y5) = i*(Adsu(“+ r) - Ad,,) + constant (l*) 
in which the right-hand side is a Laurent polynomial in y with ldegl I q = k, - k,+I. We 
shall show that this condition turns out to be a drastic restriction on the possibilities of $. 
(B) Let %, uz, . . . , an+1 be the weight vectors corresponding to xi, x2, . . . , x,,+~ respec- 
tively and Aj = A9, be the highest weight of the j-th basic representation ‘pj. Then Aj = 
a1 + a2 + ... + Olj, NOW, suppose A$ is the highest weight of II/, then it is well-known that 
n ,. 
A$ = l,A, + i,A, + ... + &A, with lj non-negative integers. We claim that c lj 5 2. 
j= 1 
Suppose the contrary, we have L, = ~lj 2 3, and by (l*), we get 
L,.k,+L,kz+...+L,k,~q (2) 
whereL,= ~lj20,andL,2L,1... 2 L, 2 0. Moreover, since $ is a real representa- 
j=s 
tion, +* = +, we may apply the conjugation automorphism to get 
-L1.k,+, - L,.k, - ..a - L,kz s q 
Sum up (2) and (T), we have 
L,.q = L,.(k, - k,,,,) 5 L,.(k, - k, + i) + non-negative terms 5 2 *q 
which is clearly a contradiction. Hence L, = i lj I 2. 
j=I 
(3 
(C) Next, we investigate the possibilities of L1 = 2. 
(i) If lj = 2 for a certain j (we may assume j I n/2). Then 2(kI + ..a + k,) I q and 
-2(k,+1 + . . . + kn+,_j) I q. Hence k, = k3 = ... = k, = d, and 2kl + 2(j- I)d = k, - 
k n+l which in turn implies d = 0 (for i I 42). From here, it is easy to see that this case is 
actually impossible. 
(ii) If li = Ii = 1 for certain i <j (we may assume that i + j I n + 1). If i = 1 and 
j = n then $ = Ad and H, = T” which is clearly a possible case. Now, we shall show all the 
other cases are impossible. Since 0 < i <j and i + j 5 n + 1, we have j - i < n - 1 unless 
j = n and i = 1. Now, we assume i + j < n - 1, then similar argument will show that 
kl=kJ=... = k, = 0. From here and our explicit knowledge about the characters of 
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those irreducible representations with Ii = lj = 1 and i + j < n - 1, we may show that 
equation (l*) is impossible. 
(D) Finally, we look at the cases L, = 1, i.e. II/ = ‘pi + cp: for i I n/2 or $ = pctn+ 1)/z) 
if (n + 1) is even and (P~(“+ 1j,2j is real. Direct computation shows only $ = ‘pl + cp: and 
$ = qpz + cp: are possible with H, equal to W(n) and 332) x ... x SU(2) respectively. 
Combining all the above results for the case that t,G is irreducible, it is not difficult to 
finish the proof of Theorem I. 
Proof of Theorem II. 
(A) Let II/ be an irreducible representation of SO(n) with dim He # 0. Let S E Hti be a 
circle subgroup of H, and TY E SO(n) be the standard maximal torus in SO(n), y = [n/2] = 
rank (SO(n)). We may assume that S E TY and moreover it sits in the Weyl chamber, then 
the induced homomorphism 
i*: RU(TY) zZ[x,, x;‘; . . . ; xy , x;‘] + Z[y, y-11 z N(S) 
may be described by 
i*(xj) = r”’ 
where kj are integers and k,2kz>...2ky>0 if n=2y+l; k,>kz>...>k,_l> 
lk,l if n = 2~. 
(B) By using (l*), it is not difficult to see that the only possibilities for such irreducible 
$ are pn and AZpn = Ad. Hence the result of Theorem II follows readily. 
$2. SOME RESULTS ON THE SUBGROUPS OF CLASSICAL GROUPS 
In this section, we prepare some easy but useful results on the subgroups of classical 
groups. Let R”, C” and Q” be the real, complex and quaternion n-space respectively. Then 
SO(n), SU(n) and Sp(n) act naturally on R”, C? and Q” respectively. By SO(V) (or SU( V), or 
&I(V)) we denote the subgroup of SO(n) (or SU(n), or S’(n)) that leaves every point in V’ 
fixed, namely 
SO(V) = {g E SO(n)] gx = x for all x E I+}. 
PROPOSITION 2. Let HE SO(n) be a connected subgroup and V E R” be a linear sub- 
space with dim V 2 3. If SO(V) E H E SO(n), then there exists a linear subspace VI 2 V 
such that 
SO(V) c SO( V,) c H E SO( V,) x SO( Vi). 
PROPOSITION 3. Let HE SU(n) be a connected subgroup V c C” be a (complex) linear 
subspace of C” with dim, V 2 3. If SU( V) c H c SU(n), then there exists a linear sub- 
space VI 2 V such that SU( VI) is a normal subgroup of H. 
PROPOSITION 4. Let HE Sp(n) be a connected subgroup and V E Q” be a linear sub- 
space with dim, V 2 1. Zf Sp( V) c H E Sp(n), then there exists a linear subspace VI 1 V 
such that 
SpW) c Sp(V1) E zf c Sp(V1) X SpW:). 
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Remark. The dimension restrictions in the real and complex cases are necessary. The 
reason is the existence of complex (or quaternion) structure. The following are the respec- 
tive counterexamples : 
SO(2) c U(2) E SO(4) 
SU(2) E Sp(2) E SU(4) 
It seems to me that the non-existence of other finite dimensional field extension of real, 
complex fields is the underlying basic reason for the validity of the above three propositions. 
Hence, we may not expect hat similar results occur for orthogonal groups of a general field. 
The proofs of the above three propositions are completely parallel. We shall only show 
the real case. The following lemma is a simple fact that we may show by induction. 
LEMMA. If K c SO(n) is a connected subgroup such that 
K 2 SO( VI) and SO( Vz) ; dim Vi 2 3 and VI & Vz. 
Then K 2 SO( VI + V,). 
Similar lemmas are valid and needed in the complex and quaternion cases respectively. 
They may be proved by induction on the dimension dim (Vr). 
Proof of Proposition 1. Let 
R” = VI @ V, @ ... @ V,, 
be the decomposition of R” with respect to the representation 4p : Hz SO(n). Since 
H 2 SO(V), there is a Vi, say VI, such that VI 2 V. 
We put H, = Im(cp,) and we claim HI = SO(Vl). We will show this by reverse induc- 
tion on dim V, namely suppose it is true for dim V = k 2 4, and show it is also true for 
k- 1. Let 
be the family of linear spaces of images of V under g E HI. If there exist two different ele- 
ments gi V and g2 V in 9 such that gr V y gr V, then by Lemma A, HI 2 SO(g, V + g2 V) 
and by the induction assumption HI = SO( VI). The other case is that 9 consists of mutually 
perpendicular linear subspaces and we see easily that 
vi =g1vog,v@***@gkv 
and HI 2 SO(g, V) x SO(gzV) x + . . x SO(gkV) as a normal subgroup. Moreover 
H,I(SO(s, V) x . . . x SO(g,V)) can be naturally represented as a subgroup of the permuta- 
tion group of k objects. But HI is connected, we have HI = SO(g,V) x SO(g,V) x a.. 
SO(gkV) which contradicts the assumption that HI is irreducible. 
Hence H, = SO( VI) and H = SO(I/,) x H, c SO(V,) x SO(Vy). q.e.d. 
PROPOSITION 5. Let H $4 W(p) be a closed subgroup of W(p), p oddprime. Then the 
Euler characteristics of SlJ(p)/H, 
x(SUp)/H) f 0 (mod P) 
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tfand only if the density component of H, H,, is a maximal torus and ord (H/H,) is divisible 
byp. 
Proof If He is not of maximal rank, then x(SU(‘p)/H) = 0. Now, we suppose that Ho 
is of maximal rank, and cp : He c W(p) be the representation given by the inclusion. Let 
cp=cp1+(pz+*** + cps be the splitting of cp into irreducible copies dim ‘pl 2 dim ‘pz 2 ... 
2 dim vs. If dim cpi 2 2, then it follows from our knowledge about maximal rank sub- 
groups [9] that x(SU(‘p)/H,, G 0 (modp). Hence, we have x(SUC~)/H).~~~(H/H,) = 
x(SU(p)/H,,) = 0 (modp). However, H/H,, is a subgroup of the permutation group of s 
objects, namely, cpl, (p2, .. . , cps; (s <p). Hence ord(H/He) # 0 (modp) and consequently 
x(SU(p)/H) = 0 (mod p). 
That is, x(SU(p)/H) $0 (modp) if Ho is a maximal torus and ord(H/He) z 0 (modp). 
Similar results are also true for homogeneous paces of SO(2p) and Sp(p), namely, 
PROPOSITION 6. Let H $ SO(2p) (or Sp(p)) b e a closed subgroup of SO(2p) (or Sp(p)), 
p odd prime. Then the Euler characteristic of SO(2p)IH (or Sp(p)/H), 
xWWP)IH) Car x@~(dlWl f 0 (mod P) 
if and only if either the identity component of H, H,, is a maximal torus and ord(H/HO) is 
divisible byp; or H = U(p). The proof of Proposition 6 is the same as that of Proposition 5. 
$3. DIFFERENTIABLE ACTIONS OF W(p) (p ODD PRIME) 
In this section, we shall apply the results of !$§I,2 to prove the following three theorems 
for differentiable actions of W(p). 
THEOREM III. Let M be a compact connected smooth manifold with a dijerentiable 
action of W(p). If the identity component of the principal isotropy subgroup, say H,, is 
non-abelian and F is the set offixedpoints, then we have 
x(F) = X(M) (mod P). 
In particular, if x(M) f 0 (mod p) then F is non-empty. 
THEOREM IV. Let M be a compact connected smooth manifold with x(M) + 0 (mod p) 
and vanishing first rational Pontrjagin class. Then the principal isotropy subgroup (H) of a 
general dtflerentiable action of W(p) (p 1 7) has only the following possibilities: 
(i) H is discrete, 
(ii) H = SU(k) E SU(p) with the standard imbedding, 
(iii) Ho = T, i.e. the identity component of H is a maximal torus of SU(p), 
(iv) H= SU(2) x ... x SU(2) with (p - 1)/2 copies sit at diagonal blocks in SU(p). 
Remark 1. If we add a few more possibilities that also appear in the linear case, Theorem 
IV still holds for p = 3,5. No special proof is needed for the cases 3,5; the exclusion of 
these two cases in the statement of Theorem IV is merely for the uniformity of the result. 
Remark 2. In the proof of Theorem III and IV, we heavily use the dtfirentiability of 
the action and the compactness of the manifold. The fact that even differentiable actions on 
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Euclidean spaces cannot be included is rather annoying. Hence, it would be quite interest- 
ing to prove the topological version of both Theorems III and IV, or at least, to show that 
differentiable actions of U(p) on euclidean spaces may be included in Theorems III, IV. 
THEOREM V. Let M be an even sphere (or an acyclic compact mantfold) with a given 
differentiable action of SU(p), p odd prime and 2 7. If the principal isotropy subgroup, (H), 
has a non-abelian identity component, then thejixed point set F is also an even-dimensional 
integer cohomology sphere (or acyclic respectively) and moreover 
dim A4 - dim F = p * (p - 1) if (H) = (N(2) x -*. x W(2)), or 
dimM-dimF=2p*(p-k) ij (H)=(SU(k))k22. 
Furthermore, in the case (H) = W(k), k 1 3, then all other orbits are also complex Stiejel 
manifolds SU(p)/SU(l), k I I 5 p, and the orbit space, MISU(p), naturally forms a d@eren- 
tiable mantfold. 
$4. PROOFS OF THEOREMS III, IV AND V 
Firstly, we need the following version of a modified Serre spectral sequence. 
Let G be a compact Lie group and M be a compact connected differentiable G-space 
and 7~ : M + M/G = X be the natural projection by assigning to each point x its orbit G(x). 
It is known that there are only finite types, say k types, of orbits [l]. Moreover, it is possible 
to triangulate the orbit space X in such a way that there is afiltration of X by subcomplexes 
X=X,~Xx,~...~Xx,~!suchthatXi-Xi+i is formed by orbits of the same type [lo] 
It is mentioned in [3] that there is a spectral sequence {EY) that converges to H,(M) with 
E’ and E2 as follows: 
F’ = C Cj<Xi 3 Xi+ I> @ H*(GIHt), E2 = x H,XXi 2 Xi+ 1; H*(G/HJ) 
where Cj(Xi, X,+i) is the j-th chain of the finite complex (Xi, X,+r) and G/Hi is the orbit 
type over (Xi - X,+1). 
Proof of Theorem III. Let F be the set of fixed points and X be the orbit space with the 
above-mentioned triangulation and filtration 
X=X,~X,~~~~~X,=7r(F)~~. 
Since the identity component of the principal isotropy subgroup HI is non-abelian, we have, 
by Proposition 5, that 
X(SU(p)/Hi) E 0 (mod p) for 1 I i <k 
where (HJ is orbit type over (X, - X,+1). Hence, we have, by the above spectral sequence, 
that 
x(M) = xW’) = x(&) = i+-, 9 Xi+ I> * x(SU(P)M) 
= x(F) (mod p). 
q.e.d. 
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Proof of Theorem IV. Suppose there is a differentiable action of W(p) on M with its 
principal isotropy subgroups non-discrete, i.e. dim H # 0. Let H,, be the identity compo- 
nent of a principal isotropy subgroup H. If Ho is non-abelian, then by Theorem III, the 
fixed point set, F, of such a given action has its Euler characteristic x(F) E x(M) f 0 (modp). 
Hence F is non-empty. Let x E F be a fixed point, since the action is differentiable and the 
union of principal orbits is everywhere dense, it follows from Theorem I that either H = 
W(k) or H = W(2) x .a. x X7(2). If Ho is abelian, we claim that H,, must be a maximal 
torus. Suppose the contrary, i.e. Ho $ Tpbl, where Tp-’ is the standard maximal torus of 
XI(p). Then there must be an orbit of the type SU(p)/K with K, = Tp-’ and the order of 
K/K,, is a multiple of p, for otherwise, it follows from the same argument as in Theorem III 
that x(F) E x(M) f 0 (mod p) and F is non-empty, and then, by Theorem I, H = Tp-’ 
which contradicts our assumption. Hence, we may assume that there exists at least one 
orbit of the type SU(p)/K with K,, = T and ord(K/Ke) 3 0 (mod p). If we look at the slice 
structure at that orbit, we have an imbedding, i, of SU(p)/K into M with the normal bundle 
u(SU(p)/K) = a&q), where cp is a representation of K with its principal isotropy subgroups 
conjugate to H, and < is the canonical K-bundle K + SU(p) --) SU(p)/K; a&q) is the vector 
bundle associated with 5 via the representation cp. 
Let n : SU@)/T+ SU(p)/K be the canonical covering map, then dr(SU(p)/K) = 
z(SU(p)/T) and nb(SU(p)/K) = as’(q’) where c’ is the canonical principal bundle T + 
SU@) + SU@)/T and cp’ = qlT. Surely, we have 
Pl(ac~(#)) = Pl(a&#) + z(SU(p)/T)) [since z(SU(p)/T) is stably trivial] 
= P1(di’(z(M)) = n*i*(P,(M)) = 0. (3) 
But we shall show this contradicts the assumption {e} # Ho $ T. Let yl, y,, ..- , yp be the 
usual generators in RU(T) with a relation yl + y2 + ..a + yp = 2 = 1. Since a subtorus 
H,, E T is always a direct factor, i.e. T = H,, x T’, we may choose a basis z,, z2, . . . , zq of Ho 
and then extend it into a basis of T, {zl, . . . , z,_~}. Suppose wl, w2, . . . , w,, are the trans- 
gressions of the weights of the representation rp’ and 
Zi= ~OllYj(i=1,2,...,p-1);Zp=Z= fuj= fapjyj 
j=l j=l j=l 
where (aii) is a unimodule integral p x p matrix. Then, we have that wr, . . . , wy are linear 
expressions in z’s that do not involve zl, . . . , zq! But it follows from (3) that 
w: + w: + .a. + wi = a(y: + ... + yf) (mod Z) 
i.e. there exists a suitable linear function w(zr, . . . , zp) such that 
w: + w; + ... + wt + w(zl, . . . , zp) + zp = a(yf + --- + y”,). 
However, the coefficient of z: is zero in the left, while the coefficient of z: in the right is 
equal to a far: 
( 1 
# 0; which is clearly a contradiction. Hence, the case (e} # H,, $ T is 
i= 1 
impossible and Theorem IV is proved. 
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Proof of Theorem V. It follows from Theorems III and IV that F is non-empty and the 
principal isotropy subgroups (H) have only the following two possibilities, (cf. Theorem I 
and Theorem IV) namely, 
(H) = (SC@)), k 2 2; or(H) = (SU(2) x .a. x SU(2)). 
Since the proofs for the above two cases and the case M is an even sphere and M is an acyclic 
manifold are essentially the same, we shall only show the case that (H) = (W(k)), k 1 2 and 
M is a compact acyclic manifold as follows. 
Let T E SU(p) be a maximal torus of SU(p), and F(T, M) be the set of fixed points of 
T. It is well-known in the classical P. A. Smith theory that F(T, M) is an acyclic submanifold, 
and hence connected. It is clear that the fixed point set F of the whole group SU(p) 
shall be a closed subset of F(T, M), we shall show it is also open in F(T, M) and hence 
F = F(T, M). Let x E F be a fixed point of SU(p), then there is a neighborhood U, of x in 
M that SU(p) acts linearly as the representation 
(p - k)(cpI $ cp:) @ trivial copies. 
Hence, it is not difficult to see that 
F n U, = F(T, M) n U, = F( T, U,) 
i.e. Fis an open subset of F(T, M). Hence F = F(T, M) and is an acyclic submanifold of M. 
Moreover, 
dim M - dim F = dim U, - dim(F n U,) = 2p(p - k). 
Since every W(l), k s 1 I p, appears as the isotropy subgroup of a certain point under the 
linear action (p - k)(q, + cp:) + 8, we see that U, consists of orbits of the types SU(p)/SU(l), 
k I I I p. Let y E M be a point with G, = SU(I), then, by Theorem I, the normal represen- 
tation at the slice of y is equivalent o (Z-k)+, ~33 19 where $, is the standard representation 
of SU(I) on R” and 8 is trivial. Hence, there exists a tubular neighborhood of G(y), say 
T(y), such that 
F(S I-i, T(y)) = F(S’-‘, M) n T,, = F(SU(I), M) n r, = F(SU(I), T’), 
where S’- ’ is a maximal torus of SU(1). From the above equation we readily see that the 
connected component of F(SU(l), M) containing y forms an open and closed subset of 
F(Sr-‘, M). But F(S’-‘, M) is acyclic and hence connected, we see that F(SU(Z), M) = 
F(S’-‘, M) and hence connected and acyclic. 
Now, we assume that the principal isotropy subgroups are (SU(k)) k 2 3. We shall 
show that all orbits are complex Stiefel manifolds and the orbit space, M/G, naturally forms 
a manifold. It follows from Proposition 3 that the identity component of G,, x E M, contains 
a normal subgroup of the form SU(l), I 2 k. Suppose there exists a point x E M, such that 
SU(I) $ (G,),. We may assume x be such a point with minimal possible dim (G,). By using 
representation theory and the slice structure, we may show that (G,), 2 SU(k) as a normal 
subgroup and rank ((G,),/SU(k)) = 1. Let S’ be a circle subgroup in (G,),/SU(k) and 
Gi - SU(k) x S’ be the inverse image of S’ in (G,),. Let SU(f) be such a subgroup of SU(p) 
that SU(k) q$ G1 $ SU(l) with smallest possible 1. Now, we have MI = F(SU(k), M) is an 
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acyclic submanifold of M with S’ = G,/SU(k) operating on it. It follows from our choice of 
W(I), we see that F(SU(1), M) 5 F(S’, Ml) as an open closed subset, F(SU(Z), M) # a 
which is clearly a contradiction to the fact that F(S’, Ml) is acyclic and hence connected! 
Hence the identity component of every isotropy subgroup G,, x E M, is conjugate to SU(1) 
for certain k I 1 <p. A similar trick will enable us to show that G, are all connected and 
hence all orbits are complex Stiefel manifolds, SU(p)/SU(I), k I I 5 p. From here, we may 
show the orbit space M/G is a manifold by slice structure and a proposition of [3] about 
the orbit space of the orthogonal action of SU(I) on spheres given by (I - k)$,. q.e.d. 
COROLLARY 2. Let M be an even sphere or an acyclic compact manifold with a differen- 
tiable W(p) action. If dim M < p(p - l), then theJixedpoint set F is respectively an even- 
dimensionaz integer cohomology sphere or an acyclic submanifold with codim 2@ - k)p and the 
orbit types are compZex Stiefel manifolds SU(p)/SU(Z), (Z = k, k + 1, . . . , p). 
Proof. The dimension restriction guarantees that the principal isotropy subgroups are 
SU(k), k 2 3 and hence Theorem V applies. 
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